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Abstract The Wess-Zumino-Witten structure is sup- 
plemented by a simple vector-meson Lagrangian where 
the vector mesons are described by antisymmetric ten- 
sor fields. With the p-u-TT coupling as the only param- 
eter in the sector of odd intrinsic parity, i.e. without 
additional contact terms, one can achieve a proper de- 
scription of the decay of an w-meson into three pions, 
the single- and double-virtual pion transition form fac- 
tor and the three-pion production in electron-positron 
collisions. 



1 Introduction 

One of the challenges of particle physics at its low- 
energy frontier is the investigation of the properties of 
hadrons and their interactions. This is important for 
a better understanding of quantum chromodynamics 
(QCD) in its non-perturbative low-energy regime and 
has also numerous implications for the study of hot and 
dense strongly interacting matter and the phase struc- 
ture of QCD [I . In addition, for searches of physics 
beyond the standard model the hadronic (standard- 
model) contributions to a given observable need to be 
under control so that one can compare data with the 
respective standard-model prediction. For instance, the 
processes studied in the present work, the pion transi- 
tion form factor and the hadron production in electron- 
positron collisions, constitute important input for the 
gyromagnetic ratio of the muon . 

QCD is equivalent to chiral perturbation theory (xPT) 
[UlSlinilZ] in the regime of very low energies where no 
other hadrons are excited besides the quasi- Goldstone 
bosons of spontaneously broken chiral symmetry. In the 
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sector of even intrinsic paritjj^ the leading-order La- 
grangian is given by 



-xPT 



with 



/^r(;7tC/^) + -/^r(x+) 



(1) 



1 



D^U ■.= d^U-ir^U + iUl^, 



X+ 



exp(+i^'//,), U=: 



{ux\ 



Hereby, r„ 



(2) 



V and X := 2Bo (s- 



ip) including the external vector, axialvector, scalar and 
pseudoscalar sources , , s and p, respectively. The 
pion fields are collected in the matrix 



V2n- 



(3) 



If the external sources are switched off, one finds in the 
two-flavor sector 



Xo ■= ^BqM := 2Bo diag (m„, ma) 



1 



2x2 : 



(4) 



where isospin breaking has been neglected. Electromag- 
netism is introduced by replacing i— — e QAfj_ with 



^For a meson of spin J and parity P the intrinsic parity is 
given by (— In particular, scalars and vectors have 
positive (even) intrinsic parity while it is negative (odd) for 
pseudoscalars and pseudovectors (axialvectors). Interactions 
in the sector of odd intrinsic parity contain the Levi-Civita 
tensor while interactions in the sector of even intrinsic parity 
do not. 
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the positron charge e, the photon field Afj. and the two- 
flavor quark-charge matrix 



Q := diag 



(5) 



In the sector of odd intrinsic parity (e sector) the 
leading-order action is governed by the chiral anomaly, 
which gives rise to the Wess-Zumino-Witten (WZW) 
action [HHj. For two flavors and restricted to an ex- 
ternal electromagnetic field, one finds the WZW La- 
grangian (see, e.g., [TllTmiTT] for the complete SU{N) 
structure) 



C 



WZW 



487r2 
n e 

1447r2 



.t^'^o'P ty:{^d^,UU'^ d^UU^ daUU'^)Ap. (6) 



As shown by Witten [S], the modulus of n is equal to 
the number of quark colors, Nc- 

Formally the leading-order Lagrangian ^ for even 
intrinsic parity is of order while the WZW action 
is of order , where p denotes a typical momentum in 
the order of a mass of a quasi-Goldstone boson. To im- 
prove the accuracy of a xPT calculation or to describe 
reactions at somewhat larger energies one needs the re- 
spective Lagrangians of next-to-leading order. For the 
sector of even intrinsic parity the Lagrangian has 
been worked out in [5] for two and in [5] for three light 
flavors. For the p^ Lagrangian in the sector of odd in- 
trinsic parity see [H] and references therein. It also has 
been shown already in [S] that the low-energy constants 
at order are essentially saturated by vector-meson 
exchange for all channels where vector mesons can con- 
tribute]^ This implies that xPT at next-to-leading or- 
der is equivalent to the following Lagrangian, which 
couples the Goldstone bosons and external fields to vec- 
tor mesons represented by antisymmetric tensor fields 
[HITl]: 

>Cvcc =\fvhp tr {U^ ^>^'' U,) +\fvtr (<?^V+ ) 

(7) 

with the two-flavor vector-meson matrix 



V2 p^,^ -pp^ + ujf^i, 



(8) 



■^For extensions to three flavors (including also other reso- 
nances) see | 13II14 | and to the sector of odd intrinsic parity 
see | 15 |. 



and the building block 

+ {d^r„ - dyT^ - i [r^, r^]) u} 



(9) 



The covariant derivate D'^ acts on the vector-meson 
field as 

r^= ]^{u^d^~ir^)u + u{d^-il^)v)]. (10) 

The mass my in ([7| denotes the (common) mass of p- 
and w-mesons. 

Note that interactions with other resonances, as in- 
troduced in |13j . are ignored since they are not impor- 
tant for our purposes. We also note that we use the 
conventions of |16| in the present work. The coupling 
constants fv and h p are related to Fy and Gy used in 
[Hill] by Fv = fv and Gy = hp /y/4. For the sector 
of odd intrinsic parity we supplement ([?]) by 



Ca 



hA 



(11) 



This term, which induces a p-uj-i: interaction, resem- 
bles the well-known qa term of pion-nucleon scattering 
[7] . The gA term is the simplest interaction term of two 
nucleons and a pion compatible with chiral symmetry. 
In baryon xPT it is of leading order. Correspondingly, 



the Ha term (11) is the simplest interaction term of 



two vector mesons and one pion compatible with chiral 
symmetry. In the following we will use the presented 
interactions of ([l}, ([6]), Q and (111 outside the realm 
of xPT for energies where the vector mesons are active 
degrees of freedom. In that sense it is a phenomenologi- 
cal application of Lagrangians which have proven to be 
important in the low-energy regime of xPT. 

The point we want to make in the present work is 
that the vector-meson Lagrangian given in ([t]) and ( 11 ) 
with its only three coupling constants provides a very 
economic way to successfully describe the low-energy 
interactions of pions, p- and w-mesons. Especially in 
the sector of odd intrinsic parity there is only the term 
(11) on top of the WZW structure (|6|. In particular 
this implies that the four-point interaction of one vec- 
tor meson, V, with three pions is solely described as a 
two-step process of 2F-7r {Ha term) and V-27T {hp term) 
[17] . Correspondingly, the electromagnetic transition of 
F to TT is solely described by 2V-Tr {hA term) and V-j 
{fy term) [TH]. In that sense our Lagrangian seems to 
support the concept of vector-meson dominance (VMD) 
[15] . On the other hand, we will see in the following 
that the reactions of pions with electromagnetism also 
include the respective lowest order structures in 
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addition to vector-meson terms. Thus, we do not find 
vector-meson dominance in its strict form and there are 
even cases where our approach suggests large deviations 
[TSllin]- Even more important (and not unrelated 
however, is the fact that in our approach the vector 
mesons are represented by antisymmetric tensor fields 
and not, as traditionally done, by vector fields p!^[?Il 
. Indeed, if one uses vector fields to represent the 
vector mesons, one needs significantly more terms to 
describe the interactions of pions and vector mesons in 
the sector of odd intrinsic parity f2ni22ll24l[25l l26] . For 
instance, in the hidden-gauge formalism [^[^ four in- 
dependent interaction terms (describing contact inter- 
actions of type 2V-'K, V-Stt, V-j'-*''-Tr and SV-tt) are 
introduced together with the WZW action. Three of 
them would be relevant for the processes discussed in 
the present work. Also in [2T three independent inter- 
action terms are needed to describe VStt and V- 
interactions using vector fields to represent the vector 
mesons. In contrast, as we will demonstrate in the fol- 
lowing, to get a good description of the n-p-uj interac- 
tions, only the single interaction term (ITT]) has to sup- 
plement the WZW anomaly structure (l6| in the sector 
of odd intrinsic parity. 



Of course, the vector- meson Lagrangian ([t]) and ( 11 ), 
given in the antisymmetric tensor representation, can 
be rewritten into any vector representation along the 
lines described in [T4 j [23 l [27 p28ll29j . In that way one 
would recover the structures of [24ll2F, 26 . But now 
the coupling constants of these structures would not be 
independent but interrelated, since they would be ex- 
pressed in terms of Ha (together with the V-j and V-2n 
coupling constants which are present in any approach). 
This reiterates our statement that the approach pre- 
sented here is more economic in the description of the 
low-energy reactions of pions and vector mesons in the 
sector of odd intrinsic parity. 



The publication is organized in the following way: 
In the next section the coupling constants in the sector 
of even intrinsic parity are determined by considering 
the pion form factor and the decay of an w-meson into 
a dilepton. The reactions uj — > t:^^^*'> and w Stt are 
discussed in section[3]including the determination of the 
coupling constant in the sector of odd intrinsic parity. 
In the following section the single- and double-virtual 
pion transition form factor as well as the decays of a 
pion into one or two real photons and into two dielec- 
trons are calculated. Thereafter, the scattering reaction 
e+e^ — > Stt is considered (section [s]). In section [6] we 
discuss whether a deeper foundation of our Lagrangian 
is conceivable in the framework of an effective field the- 
ory. The last section provides a summary. 



2 Determination of the coupling constants in 
the sector of even intrinsic parity 

In the following we use the physical pion decay con- 
stant = 92.2 MeV. For we use the isospin aver- 
aged mass {2m„+ + m^a)/3 w 138 MeV except where 
explicitly stated otherwise. In principle, the coupling 
constants fv and hp can be determined from decays 
of p- and oj-mesons. However, since the p-meson is a 
broad resonance we prefer to use the pion form factor 
directly. Thereby, we proceed along the lines described 
in [30j where the pion form factor is calculated includ- 
ing pion-pion rescattering. The main results from [30] 
will be recalled here. 

In the center-of-mass system, the scattering ampli- 
tude for elastic pion-pion scattering can be decomposed 
into amplitudes U with angular momentum I, 



M 



TTTT —J- TTTT 



(s, cos 61) =2_^{2l + l)ti{s)Pi{cos9), 



(12) 



including the Legendre polynomials Pi. Since the pro- 
cess of interest for the pion form factor, e~^e~ — > tt+tt", 
proceeds via a virtual photon in the s channel, the or- 
bital angular momentum of the two-pion system is fixed 
to Z = 1. Thus, for an overall symmetric two-pion state 
the isospin has to be / = 1. Thereby, the scattering am- 
plitude consists of two-particle reducible and irreducible 
parts. The irreducible parts give rise to the kernel of the 
Bethe-Salpeter equation which automatically produces 
the reducible ones. First, one approximates the scatter- 
ing kernel k.^^^-^^^ by a direct scattering described by 
xPT ([T]) and scattering via a p-meson arising from the 
hp term in ([7| (see bottom panel of Fig. [T]), 



k-KTr—^-KTr — fc/=l,/=l(s) 



2 
3^ 



(13) 



Pjbarc 



including the ccntcr-of-mass momentum 



s — 4m^ + . Therewith, the Bethe-Salpeter 



equation can be calculated (see top panel of Fig. [T]) , 

l-fc,=ij^i(s)/(s) 



ir=i,7=i(s) = ^r=i./=i(s)-/(s) 



ki=ij=i{s) 



(14) 



Here, I{s) denotes the loop function regularized by di- 
mensional regularization with dimension d = A + 2 e, 



I{s=p') 



1 



d q 

{2itY [q^ — fn^ + it]] [{q — p)^ — rnj + irj] 



(15) 



4 



Renormalization is ensured via the replacement 
I{s) ^ I{s) - Relifi^) = J(s) - ReJin'^), 



Jis) 



1 



167r2 



2 + cr(s) lo; 



C7(,S) - 1 

' a{s) + 1 



(16) 



with the phase space a{s) = 2pc.m.(s)/-\/s and a new 
parameter, the renormahzation point /i. For simplicity, 
we choose fi = = mp^baro with the physical mass rrip 
of the p-meson. Changes in fi can be traded essentially 
by changes in mp bare (30j . 



'0 



X 



\ / 
\ / 
\ / 
V 

/ \ 
/ \ 
/ \ 



Thereby, the sign of fy is pure convention in accor- 
dance with the definition that the vector-meson fields 
instead of {—^fj,^) produce vector mesons. After 
fixing the sign of fv, there is no freedom left for sign 
choices in other interaction terms with an odd number 
of vector-meson fields. 
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Fig. 1: Bethe-Salpeter equation (top) and its scattering 
kernel (bottom) for pion-pion scattering. The dashed 
lines represent the pions, the solid line the p-meson. 



The pion form factor can now be expressed as 
FAs) = F*-'=(s) [1 + (J(s) - ReJifi^)) i/=i,i=i(s)] 



l-(J(s)-ReJ(M2))fc/=i,i=i(s) 



(17) 



Fig. 2: Modulus square of the pion form factor com- 
pared to data [31ti32..33j . 



Alternatively, one can use the decay oj l^l^ for 
/ = e, p to determine the vector- meson decay constant 
fy. This reaction is completely described by the fv 
term in ([7| with its partial decay width given by |34j 



r, 



V 



4 



108 7rm3 



;2mf 



(21) 



with the tree-level pion form factor 



4/^ 



(18) 



p,barc 



By fitting the modulus square of the pion form factor 
to experimental data 31,32,33] (see Fig. [2]j^ one can 
essentially fix the parameter combinations 



Jir 

This results irl3 
hp = 1.64. 



150 MeV. 



(19) 



(20) 



^The additional narrow peak slightly to the right of the main 
peak in the data is caused by the appearance of the w-meson 
due to isospin violating p-Lo mixing. Since our calculations are 
done in the isospin limit, we cannot describe this additional 
peak structure. 

*The parameter hp was redefined in 16 . For the old defi- 
nition of hp, we would have gotten \hp\ = 0.32 differing by 
less than 10% from the values used in | 17II30 |. 



By fitting to the experimental widths for decays into 
both dimuon and dielectron 35 , the decay constant is 
fixed to 



/v 



140 MeV . 



(22) 



The deviation between the two values for fv, fv and 
fy, is of the order of 10%. This defines the accuracy 
which we expect to achieve. 

It is interesting to compare our results to standard 
VMD P^I5S] . In this respect, a discussion based on the 



tree-level results ( 13 1 and 



18 1 is most illuminating. As 



already pointed out in [T3], complete VMD with the 
KSFR relations [37ll38] is recovered for /y = ^2/^ « 
130 MeV, hp — 2. This would yield the common expres- 



sion m 



p.barc 



/ ("Ip^barc 



s) for the tree-level pion form 
factor in (|18| and for the expression in the last brace 
in ( 13 ). With this choice for the parameters fv and hp 
both coeflicients hpfy/{8f^) and hpfy /{Af"^) become 
1. Our parameters in (19) and (20 1 do not agree with 



complete VMD. For instance, our result for hp deviates 
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from the KSFR relation by 20% which we regard as a 
significant difference. But our numerical value for the 
coefhcient hp fy /{A f^), which shows up in the tree- 
level pion form factor (18), is given by « 1.09. Thus 



our result for the pion form factor appears to be close 
to VMD, though our formalism with its two indepen- 
dent parameters fv and hp in principle allows for ar- 
bitrary deviations from VMD. As we will see in the 
following, there are cases where our formalism clearly 
deviates from VMD, even qualitatively, and there are 
cases where the interplay between the vector-meson pa- 
rameters is such that VMD emerges. 



3 Decays a; — >■ 7r°7^*) and a; 



TT 



In the sector of odd intrinsic parity (11) there is one 



parameter which needs to be determined, namely h^- 
It will be determined in two ways: First, from the par- 
tial width of the reaction uj — > 7r°7 and, second, from 
the partial width of the reaction lu — >■ Stt. Resembling 
the case of fv we will find values which agree on the 
level of 10%. 

Note that strictly speaking, one determines in both de- 
cay channels the combination hAfv/fv- For both de- 
terminations of hA we have used fv = fv = 150 MeV 
extracted from the pion form factor, i.e. from the prop- 
erties of the p-meson. Using this value is a consistent 
treatment because it is the p- and not the w-meson 
which couples to the photon in the process w — > 7r°7 
and to the two pions in the process w — Stt. 



By using the hA term in (11) for the w-p-Tr vertex 



and the fv term in ([7| for the p-7 vertex, the partial 
decay width for the decay cj is given by p!6lfT8l 



r. 



{ml-mloY e2 f hA fv 



3847r mj, 



(23) 



To be in accordance with previous work P^fTTllTSllSl] . 

hA is chosen as positive. 



hA = 2.17. 



(24) 



Again, this sign is pure convention defining the pion 
fields to produce pions. After fixing the sign of hA 
there is no freedom left for sign choices in other in- 
teraction terms with an odd number of pion fields. In 
particular, the relative sign between n in the WZW 
structure ^ and hA is not a matter of convention. We 
will come back to this issue in section HI 

From ([7| and (11), one can also calculate the elec- 
tromagnetic w-tt" transition form factor. Normalized to 



the photon point it is given by [IBIITS] 



(25) 



in significant deviation from the VMD prediction 



(26) 



Hereby, Sp denotes the p-meson propagator. 



q^ -Tm?p+ iyj(frp{q'^) 



— Am? 

J_ TT 

IT?, — 4rr? I 



3/2 2 
+ \ ™P 



q- 



r, 



(27) 



with the on-shell p-meson width 



P,0 



150 MeV 



As discussed in [TBIIT5] , equation ( 25 ) provides a much 
better description of the available data than VMEj^ 
Note that the w-tt^ transition form factor has also been 
considered in [39] . 

Obviously, our vector-meson coupling constants fv 



and hA enter the result ( 23 ) for the partial decay width 
of the w-meson, whereas the lj transition form factor 



(25) is independent of the coupling constants. At tree 



level, i.e. ignoring the p-meson width in the propagator, 
the result is even independent of any parameter that en- 
codes interactions with vector mesons. This qualitative 
feature is shared with VMD, cf. (26), but our result 



is qualitatively and quantitatively different from VMD. 
This is in contrast to the previously discussed case of 
the pion form factor where a result numerically very 
close to VMD has been obtained. In the latter case 
the result emerged as an interplay between two con- 
tributions: There is one direct coupling of pions to a 
photon via the electric charge of the pion. This contri- 
bution emerges from the xPT Lagrangian ([iJ. In ad- 
dition, there is a second contribution from the vector- 
meson Lagrangian ([t]) leading to the term ^ hpfy in 
(18). The interplay of these two terms and the par- 



ticular numerical values for the vector-meson coupling 
constants lead to a result that is numerically close to 
VMD. For the uj transition form factor such an inter- 
play cannot appear. For this process there is only one 
contribution in our formalism, not a combination of a 
direct term and a vector-meson term. In spite of the 
fact that this single contribution is a two-step process 
with a virtual p-meson in the intermediate state, the 
result is not of VMD type. The reason is the particular 



^In | 16II18 |. we have included an additional flavor-breaking in- 
teraction term (see discussion in section [6|. It is numerically 
much less important. Although we include in the present work 
only the Ha term as the numerically most important contri- 
bution to the transition tj — ^ tt", the value for Ha difi'ers less 
than 10% from the previous determinations in | 16lll8lf5^ . 
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vertex and propagator structure in the utilized tensor- 
field representation. We will come back to the VMD 
discussion in section |4] where we will discuss the pion 
transition form factor. 

The decay w — >■ Stt was already calculated in [T^ 
by one of the authors. In this publication, we will addi- 
tionally consider the influence of pion-pion rescattering 
and of lifting the isospin limit [HI. Furthermore, in 
the full vector-meson Lagrangian from [34] was used 
whereas a simplified version is used here (see discussion 
in section [6|. Recently, this decay was brought into fo- 
cus again by theoretical calculations using dispersion 
theory [41j and ongoing experimental Dalitz-plot inves- 
tigations 

Following the notation in p3] , the double-differential 
decay width 



dV^ 



dm^2 ^^23 (27r)3 32 mj^ 



Pstt |2 



(28) 



includes the reduced matrix element C^j^stt and the 
p-wave phase-space factor 



(29) 



Thereby, p, pi, p2 and denote the four-momenta 
of the incoming w-meson and the outgoing tt^-, tt^- 
and TT^-mesons, respectively. The pion momenta are col- 
lected in the three invariant masses mfj :~ {pi + pj)'^ 
fulfilling 



'13 



2m^+ + rrin + m. 



(30) 



Besides other aspects we will study in the following the 
two cases where the physical (isospin breaking) pion 



masses are used in (28) - (30) and where an isospin 



averaged pion mass is used. 

The decay w — >■ 37r can happen via a virtual p"-, 
yO+- or yO~-meson whereby the uj-p-n vertex is described 



by the hy^ term in (11 1 and the p-2tt vertex by the hp 
term in ([t]) yielding the reduced matrix element [T7] 



*3ir 



fv hA hp 
4 /J* 



(«J) = (1,2) 
(2,3), (1,3) 



Sp{m%){m1j+ml) . (31) 



In the following, we evaluate (28) in three different 



ways: First, we approximate the p-meson propagator 



in (31) by the tree-level expression, i.e. without any p- 



meson width, 



(32) 



This approach will be labeled "t.l.". Second, we use 
the form ( [27| where a Breit-Wigner width was added 
manually (labeled by "B.W."). Third, we will include 



Fig. 3: Relevant process for the decay a; — !• 37r without 
(left) and with rescattering (right). The dashed lines 
represent the pions, the solid ones the vector mesons. 
See also Fig. [ij 

rescattering of the two pions in the p-meson channel in 
the same way as done for the pion form factor in the 
previous section (labeled with "resc"). For the latter, 
one has to add up the tree-level contribution (left-hand 
side in Fig. [3]) and the contribution from rescattering 
(right-hand side in Fig. |3| by replacing the p-meson 
propagator in (31) according to 



p,barc 

1 



1 



^ - S bare 1 - = ~ Re J{p^)) 

(33) 



with the renormalization point /i = nip = mp^g^ic (cf. 



discussion after (16)). 



The approach including rescattering is used to fix 
the open parameter hj^ as 



hA = 2.02. 



(34) 



This result has been obtained in the isospin limit, i.e. for 
an averaged tt^/tt*^ mass. However, up to our accuracy 
the result for hA will be the same if distinct pion masses 
are used instead in the phase-space calculation. The 
result (34) obtained from w — !■ 37r should be compared 
with (24) as obtained from w — 71^7. Again, we observe 



satisfying agreement on the level of 10%. 

In a next step, we explore the differences between 
the three approaches. Note that we have determined 
hA from the rescattering approach because we regard 
it as the most trustworthy scheme. There, the width 
and, in accordance with analyticity, a corresponding 
real part is generated and not added by hand. On the 
other hand, while the inclusion of a p-meson width is 
reasonable from a physics point of view, it is technically 
not mandatory since the invariant mass of the two-pion 
states is always below the p-meson mass for the decay 
Lo — > 37r. Therefore, it is worth to explore the quantita- 
tive differences between the three approaches. 

In Tab. [T] the results for the partial decay width 
calculated with the tree-level approximation of the p- 
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meson propagator ( 32 1 and with a manually added Breit- 
Wigner width (27), respectively, are listed for both av- 
eraged and distinct pion masses. The calculations with 
the tree- level approximation differ only by about 5.5% 
from the result with rescattering whereas the calcula- 
tions with the Breit-Wigner width differ by about 7.5%. 
Thus, for the decay w — >■ Stt it is obviously not enough 
to simply include a Breit-Wigner width in the p-meson 
propagator to account for rescattering in the final chan- 
nels. On the other hand, the influence of distinct pion 
masses is less than 1% in the calculation without width 
and about 2% in the one with width. 

Table 1: Partial decay width for the decay w — Stt with 
the tree-level approximation of the p-meson propaga- 
tor and with the manually added Breit-Wigner width 
compared to the experimental value |35| and calcu- 
lated both for an averaged pion mass and distinct pion 
masses. 



;r 0.3 - 

> 

a 




m,5 [GeV- 



< 1.1 
|< 1.2 
|<1.3 
|>1.3 



Fig. 4: Dalitz plot of the reduced matrix element (31) 
for the decay cj — ;> 37r calculated with pion-pion rescat- 
tering, averaged pion masses and normalized to the 
Dalitz-plot center. 





averaged 


mass 


distinct masses 


n-hs^ [MeV] 
rB^v^ [MeV] 


7.21 
7.07 


7.57: 


7.15 
7.01 

to.oi 



Having determined the last free parameter from in- 
tegrated decay data, we turn now to the differential 
decay width of w — >■ Sir. In Fig. |4j the Dalitz plot of 
the reduced matrix element ( |31[ ) is plotted for an aver- 
aged pion mass. As already stated in [T^, the squared 
reduced matrix element |C(^_>.37rp is rather flat in the 
kinematically allowed region. For the plot, the matrix 
element was calculated including rescattering. However, 
neither the calculations with the tree-level approxima- 
tion of the p-meson propagator and with a manually 
added Breit-Wigner width nor the calculation with dis- 
tinct pion masses differ much from the plot shown. 

To quantify the Dalitz plot, we follow [41] and in- 
troduce variables 



'13 



y - 



\/3i?„ 

So - 



I z COS ip . 



' z siniy9 . 



3m, 



(35) 



with the polar coordinates z and Herewith, the squared 
reduced matrix element can be expressed as 

|C<^^3^(^,</')I^ =|A/'l^{l + 2a2 + 2/32^/2 sin3(^ + 27z2 

+ 2fc^/2 sin3v3 + 0(z3)} (36) 



including the normalization to the Dalitz-plot cen- 
ter X = y = 0. In the following, we terminate the z-ip 
expansion at the Dalitz-plot parameters a, /3, 7 or (5 
and call the obtained parametrization |Cpoip. Follow- 
ing the approach in f41^ , the Dalitz-plot parameters are 
obtained by minimizing 



1 



X 



Ml 



dzdip (P3,(z,(p)/P3,(0,0))' 



\Cpoi{z,ip)\'^ - \C^^3^iz,ip)\'^ 



Nv — I AzAip 



(37) 



while integrating over the kinematically allowed region 
of the Dalitz plot, V. Thereby, a/x^ denotes the average 
deviation of the polynomial description from the matrix 
element P^,-^ IC'^j-j.a^l^ relative to the Dalitz plot center. 
As the outer parts of the Dalitz plot are expected to be 
statistically less important in an experiment, the full 
matrix element is used instead of the reduced one for 
the minimization procedure to give less weight to these 
parts. The resulting parameters for an averaged pion 
mass are collected in Tab. [2] We see, first of all, that 
the parameter a is significantly larger than the other 
parameters. Its value is more or less the same for the 
three studied approaches. Physically the sign of a, i.e. 
a rise of the matrix element towards the boundaries of 
the Dalitz plot (see also Fig. 4), is related to the inter- 
mediate p-meson: For larger invariant masses of a pion 
pair the p-meson propagator becomes larger, because 
one approaches the p-meson peak. Of course, the peak 
itself lies outside of the kinematically accessible region. 
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For the other three parameters /3, 7 and S included in 
the fits one observes significant deviations between the 
three approaches. We stress again that we regard the 
rescattering scenario as the most reliable one since it 
respects unitarity and analyticity for the incorporated 
two-pion rescattering ^30j . 



Table 2: Dalitz-plot parameters and y'x^ (37) per 



formed with the reduced matrix element (31 ) including 
the tree-level approximation of the p-meson propagator, 
a manually inserted Breit-Wigner width and pion-pion 
rescattering, respectively, performed with an averaged 
pion mass. 





a ■ 10^ 




7 • 10^ 


5- 10^ 


75? -103 


t.l. 


226 








9.6 


B.W. 


193 








6.0 


resc. 


202 








6.6 


t.l. 


209 


77 






3.5 


B.W. 


182 


49 






1.9 


resc. 


190 


54 






2.1 


t.l. 


180 


60 


83 




0.9 


B.W. 


166 


40 


46 




0.3 


resc. 


172 


43 


50 




0.4 


t.l. 


185 


40 


66 


48 


0.2 


B.W. 


168 


33 


40 


16 


0.0 


resc. 


174 


35 


43 


20 


0.1 



It is reasonable to compare our approach and our 
results for the Dalitz-plot parameters to [41]. Our ap- 
proach is based on the Lagrangian proposed in section 
[TJ Parameters have been fitted to various observables 
and cross-checked against each other. The tree-level re- 
sults are improved by a Bethe-Salpeter equation for the 
rescattering of the pions that emerge from a p-meson 
(see Fig. [s]). What is not included in our approach 
is cross-channel rescattering, i.e. the scattering of the 
third pion with one of the two that emerged from the 
p-meson. The approach of [41] is based on a dispersive 
treatment of the formal reaction amplitude ui+tt — > 2it. 
It is assumed that the imaginary part of this amplitude 
is governed by the two-pion intermediate state and that 
the effect of other channels like K K or the elastic one, 
u! TT, is negligible. Assuming an appropriate high-energy 
behavior of the such approximated amplitude one ob- 
tains the full amplitude by a dispersion relation. There 
is one undetermined parameter, the initial strength of 
the — Stt vertex. This parameter is fixed from the in- 
tegrated decay width. Rescattering and cross-channel 
rescattering of all three pions can be included in this 
dispersive framework. The necessary input is the pion- 
pion scattering amplitude which is not obtained from a 
microscopic model, as in our case, but is taken from re- 
cent data analyses. Comparing the Dalitz-plot param- 



eters we note first of all that we observe qualitative 
agreement concerning the signs of all parameters and 
concerning the fact that a is the dominant one. Overall 
our parameters are larger than the ones obtained in |41j . 
Clearly there is one aspect where our approach is less 
powerful: We do not account for cross-channel rescatter- 
ing. On the other hand, we have predictive power con- 
cerning absolute numbers (determining the parameter 
hp from p — >■ 27r and the parameter Ha in principle from 
u — > TT'~''y). This becomes even more obvious in the scat- 
tering process e^e~ — >■ Stt where we can predict the size 
of the cross section (see section [S]). As already spelled 
out in |41| the dispersive framework cannot predict this 
cross section, but could predict a Dalitz distribution for 
a given invariant mass y/s = rUe+e- ■ 



4 Pion transition form factor 

In our approach the decay of a pion into two (real or 
virtual) photons can happen in two ways, either via a 
virtual p- and a virtual w-meson or with a direct tt- 
27 coupling (see left- and right-hand side in Fig. [5] 
respectively). For the indirect decay via virtual vec- 
tor mesons, the necessary parameters of the 21/-7r 
vertex and fv of the 1^-7'*' vertex have already been 
determined in the previous sections. The direct contri- 
bution is described by the WZW Lagrangian ^. The 
modulus of the parameter n is given by the number of 
colors, |n| = A'c = 3 [9]. There is no sign choice for 
n left since the freedom in the convention of the pion 
fields was already used to fix the sign of Ha as posi- 
tive. We will determine the sign of n in this section by 
comparing the single-virtual pion transition form fac- 
tor to space-like data and use the result to predict the 
partial decay widths for the decays into one and two 
dielectrons. Thereby, the decay of a virtual photon into 
a dielectron is described by usual quantum electrody- 
namics. 





Fig. 5: Left: Indirect decay tt*' via a virtual 

p- and a virtual cj-meson. Right: Direct decay via the 
WZW Lagrangian. 



The general matrix element for the single-virtual 
decay, i.e. the decay into a dielectron and a real photon, 
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can be expressed as 



•^^•K^ — >^ e+e" 



1 



"(gi, Ai)7^i;((j2, A2) 



(38) 



including the single-virtual pion transition form factor 
fs.v.il^)- Here, q and k are the four-momenta of the 
outgoing real and virtual photon, respectively. u{qi, Ai) 
and v{q2, A2) denote the wave functions of the electron 
and the positron with their respective four-momenta qi 
and q2 and £* (fc, A^) is the wave function of the outgo- 
ing (real) photon. 

The form factor is normalized to its value at the 
photon point = 0, 



Fs...{q') 



2^ /s.v.(g^) 



/s.v.(O) 



(39) 



such that Fs.v.(O) = 1. 

The pion transition form factor includes both the 
vector-meson contribution calculated with the Lagrang- 
ians ([7]) and (111 and the direct contribution calculated 
with the WZW Lagrangian (|6|, 



fWZW 



r rVGC I r\ 

Js.v. Js.v. ' Js. 

f2 f, . / I 



fZ'^^iq') 



s.v. ' Js.v. 

ef^hA 



6/. 

n e 



sUq^ 



1 

TO; 



2 Sp{q^[ 



(40) 



For the space-like region {q^ < 0) and for the decays 
tt" — >■ the phase space is closed for all relevant 

decays which provide a width for the vector mesons. 
Therefore, we approximate the vector-meson propaga- 
tors by their tree-level expression. 



[Sviq^r'^q' 

For the decay into two real photons. 



>27 



647r 



|e/s. 



(41) 



(42) 



the form factor is only needed at the photon point. 
Since f^'^iO) — 0, the full form factor at the photon 
point is equal to the WZW contribution. Hence, the 
decay width is proportional to and cannot be used 
to determine the sign of the parameter n in the WZW 
Lagrangian (|6|. It is in very good agreement with the 
experimental data [35] . 



0^27 = 7.79 • 10"^ GeV, 

= (7.63 ±0.16) • 10"^ GeV. 



7-1 cxp. 



(43) 
(44) 



To determine the sign of the WZW parameter n, 
the normalized form factor 



Fs...{q^) 



2^2 /2 j^^ 




is compared to experimental data in the space-like re- 
gion taken by the CELLO collaboration in Fig. |6j 
The error bands for n — —3 (solid red band) and n = 
-|-3 (dashed green band) correspond to the variation of 
Ha between 2.02 and 2.17 for fixed fy = = 150 MeV. 
We recall that these values for Ha have been determined 
in (24 1 and (34) from u — >■ 7r'^7 and to — )■ 37r, respec- 
tively. Obviously, a negative sign is needed to describe 
the dat^ 



n = -Nr = -3 . 



(46) 



To evaluate the relative importance of vector and WZW 
contribution in the form factor, the modulus of the ratio 
n%^.{q^) I flJ:^ {q^) is plotted in Fig. [t] In the decay 
region (0 < < m^o), the vector contribution is less 
important than the direct WZW contribution, it is at 
most about 3% of the WZW contribution. Nevertheless, 
the importance of the vector contribution increases with 
growing both in the time- and space- like region. 





|Fs.v.l' 








n=-3, VMD 






n = +3 






CELLO 









-2 -1 

[GeV^] 

Fig. 6: Squared normalized 7r-7 transition form factor 
compared to the VMD prediction and to space-like data 
taken by the CELLO collaboration 44 for n = —3 
(solid red band) and n = +3 (dashed green band). 



®We get the opposite sign to [7 due to different conventions 
of ttie pion fields. Wtiat matters, of course, is tlie relative 
sign between n and ■ We could have used a positive n and 
a negative h^- But we want to stay in agreement with the 
convention of [T51fr7lir8..34, . 
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1.06 



1.04 



1.02 - 



1.00 




0.00 



0.04 0.08 
|q| [GeV] 



0.12 



Fig. 7: Modulus of the ratio fsTio^)/ fTv^'^ io^)- Fig- 8- Squared normalized tt-j transition form factor 

in the kinematically allowed time-like decay region for 
n = —3 and for Ha = 2.17 (red solid line) and Ha — 2.02 

In contrast to (451, the form factor predicted by (dashed black line) , respectively, compared to the VMD 



VMD is given by 



prediction. 



(47) 



The double-differential decay rate for the process 
tt" — ;> je^e" is given by |35j 



The VMD prediction lies within the error band for 
n = — 3 in Fig. [6] Additionally, both the form factor 



(45) for hA = 2.17 and Ha = 2.02 and the VMD pre- 



diction (|47|) are plotted in the kinematically allowed 

< m^o in Fig. [sj 



time-like decay region 2me < yf?^ 
There is only a small deviation between our predic- 
tion and the VMD prediction visible and for Ha = 2.02 
both predictions lie on top of each other. Indeed, for 

nicj « nip « niv the predictions would be the same if 
2^ T^iiQ ^KfoiriQ^ ,-aon,i+o (ariO'\Aa\r\2 



47r2/2 = . The obtained resuhs (802 MeV) 

and (773 MeV)^, respectively, are close to the averaged 
p/oj mass, 779.5 MeV, and explain the numerically good 
agreement of the two predictions. Like for the pion form 
factor (cf. the discussion at the end of section [2]) we ob- 
serve an interplay of two terms which conspire such that 
effectively a VMD type result emerges. One term comes 
from the respective lowest-order xPT Lagrangian, ([I]) 
and[6j respectively, and the other term from the vector 
mesons. We recall, however, that there are also cases 
where no VMD type behavior emerges, notably the oj- 
tt'^ transition form factor discussed in section [s] and in 

m- 

By fixing the relative sign between n and Ha in the 
space-like region we have obtained full predictive power 
for the time-like region of the pion transition form fac- 
tor. In the following we will study the decay region, i.e. 

< m^o where the processes 7r° — > 76+ e~ and vr" — ^ 
2e+2e^ appear. The production process e+e^ — >■ tt^j^*^ 
will not be studied in the present work. 



dg2 dml^^ 



(2^)3 32m3„ 1^^--^'^ ^1 g4 



(48) 



including the invariant mass ti^^^ (^2 + fc)^ and the 
phase-space factor 

u(gi, Ai) 7a v(q2, A2) v{q2, X2) la u(gi, Ai) . 

Ai , A2 

(49) 



By integrating Eq. (48) in the kinematically allowed 



time-like decay region, the single-differential decay rate 
is obtained [Ml, 



■7 e^re 



d(j2 r^, 



->-27 




|^s.v.(g')| 



(50) 



It is normalized to the decay width for the decay into 



two real photons ( 42 ) 



In Fig. 9) the single-differential decay width obtained 
from Eq. (50| is shown. Here, there is no difference be- 
tween our approach for the different values of Ha and 



VMD visible. For calculating the VMD width, Eq. ( 50 ) 



was used together with the experimental width for the 
decay into two real photons. 
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10-^ 



10"= 



10"' 



dr(it"->yeV)/dq^ [GeV"^] 
hj = 2.17/2.02, VMD 



0.00 0.04 0.08 0.12 

|q| [GeV] 

Fig. 9: Single-differential decay width for the decay 



Integrating the single-differential decay width yields 
for Ha = 2.17 and fv — 150 MeV the partial width 



0_^.^e+e- = 9.26 • 10"" GeV 



(51) 



which is in very good agreement with the experimental 
value 



TT^-^'-y e"f e~ 



1.07 ±0.33) • 10"" GeV 



(52) 



The result for Ha = 2.02 differs less than 1% from the 
one obtained with Ha — 2.17. Since both the uncer- 
tainties in Ha and in fy are about 10%, approximately 
the same variation in the result is achieved if one takes 
hA fv / Itv as determined form uj Tr°j and uses fv 
determined from uj — > e^e". 

For the double-virtual decay of a neutral pion into 
two dielectrons, the general matrix element is given by 



-^7rn-i.2e+ 2e- 

„3 r_ / 2 ,2x 



e /d.v.(<? ,k )e^ual3 



q=q\-\-qi, k=q3+q4 

■ u{qi,Xi) 7" v{q2, A2) u(g3, A3) 7^ v{q4, A4) 
e fd.v.iq ,k )e^^a/3 



1 ^ q=qi+qi.k=q2+q3 

■ u{qi,Xi) 7" v{q4, A4) u(g3, A3) 7*^ v{q2, X2) (53) 

with the double- virtual form factor /d.v. (9^, k'^). For the 
decay into two (identical) dielectrons, the measured mo- 
menta qi and (73 of the electrons and 52 and 94 of the 
positrons can be produced from the two possibilities 
shown in Fig. [TO] yielding the two terms in the matrix 
element. Note that, since positrons are fermions, the ex- 
change of the two positrons between the two diagrams 
yields an extra factor of (—1) in the matrix element. 





Fig. 10: Possibilities to produce the momenta qi and q^ 
of the electrons and 92 and q^ of the positrons for the 
decay 7r° — 2e+ 2e~ . 



The partial decay width for the decay into two di- 
electrons is defined as l35l 



■2e+ 2e- 



1 

2!2! 



d<?4(p; 91, 92, 93, 94) \Mf 



2m, 



(54) 



integrating over the four-body phase space 
d^4(p;9i,92,93,94) =<5(*) P^X!* n 



(27r)3 2E, ■ 
(55) 

The width can be rewritten as a sum, ii^t. + /dir., con- 
sisting of two contributions: An interference contribu- 
tion iint. with terms depending on all possible four- 
momentum combinations qi -\- qj generating the mo- 
menta of the two virtual photons, and a direct con- 
tribution /dir. with terms depending only on two such 
combinations. The first kind of terms arises from multi- 



plying the two terms in the matrix element ( 53 1 and the 
second kind from multiplying terms with themselves. 
For the direct contribution, the 12-dimensional phase 



space integral ( 54 ) can be reduced to a two-dimensional 



integral over the four-momenta of the virtual photons 



^'^^^■ = (2.)4m3„ /d9'dfc2^k.c.(9,fc)^ 



'1- 



Ami 



1 - 



Ami 





2ml\ 




2ml\ 










g2 ; 


k^ J 



l{ml„-{q' + k'))'-q'k' 



including the kinematical constraints 



1 3/2 



|/d.v.(9^A:2)|^ 
(56) 



Ami 



0^Aq,k) - O{q^~Aml)0{e 

■ O^m-j^o — \f<f^ — \P\^ 



(57) 
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The interference contribution can only be reduced to a 
five-dimensional integral |45j . 



For an averaged p/uj mass my, the VMD prediction is 
given by 



d|gi| d|g2| dl^sl dcos 6'2dcos 6*3 



(27r)6 16 

• ek.c.(9, k) ©k.c.('z', k') e{E^ - me) 0(1 - |a|) 
.[(l-cos2 02) (l-cos2 03) (l-a^)]"'/' 



m„ 



fc2 



+ (g o fc) 



{rriy — q^) {rriy — fc^) ' 



(64) 



|qi| |q2Mq3l 
E1E2E3 



On the other hand, the normalized form factor (63) 



(58) 



can be approximated for an averaged p/uj mass and 
4Tr^fyhA/\n\ w niy (cf. discussion after Eq. (47 1) as 



Here, the momenta of the virtual photons are given by p^^ {q^ ^k^) —1 



fc2 



qi +92, k = q-i + (74, q = qi+ 94, k' = q2 + qs 



(59) 



and a denotes the combination 
1 



a = 



{{ml - E, - E2 - E3 



2 |q2| Iqsl sin 6*2 sin 6*3 
-ml - |qi|^ - Iqal^ - |q3|^ - 2 |qi| |q2| cos^a 

-2|qi||q3|cos03-2|q2||q3|cos02COS03 }• (60) 
Furthermore, the phase-space factor is given by 
P4l^-£^^•'^P k^q^ef^'^H'-^q'-^ 

■ X! '^l) 7a ^'(92, A2) U(93, A3) 7/3 v{qA, A4) 



v{q2, A2) -ip u{q3, A3) v{q4, A4) 7a "(?!, Ai 



(61) 



As the five-fold integral for the interference contribution 
/int. has to be determined numerically, the full partial 
decay width is approximated by the direct contribution 
/dir. in most applications assuming that the interfer- 
ence contribution is very small |46j . We will present 
results for both contributions to study the infiuence of 
the interference part. 

The Lagrangians (|6|, and ([n]) yield the double- 
virtual form factoiQ 



U...{q\k') 



~"-^{SM')S.{k'){q' + k^) 

+{q^k)} + 



12 7r2/. 



(62) 



Again, this form factor is compared to the VMD pre- 
diction. In order to do so, the form factor is normalized 
to the double-photon point [q^ , fc^) =0, 



i^d.v.(g',fc') 



/d.v.(g^fc^) 



/d.v.(o,o) ■ 

^Note that, of course, /a.v.(g^) = /d.v.(g^,0). 



(m^ — (^J7j2 _ ^2^ 



{my - 9^) ("^v - fc^) ' 



-f (g ^ fc) 



(65) 



In contrast to the single- virtual decay (451, our pre- 



diction and the VMD prediction for the double- virtual 
decay disagree. 

For the form factor (62) and both = 2.17 and 
Ha = 2.02 the direct and interference contribution to 
the partial decay width are given by 



/dir. 
lint. 



= 2.70-10"" GeV, 
= -0.02 • IQ-" GeV. 



(66) 
(67) 



The full partial decay width is given by 

^x0^2e+ 2e- = Air. + ii'nt. = 2.68 • IQ-'"' GcV (68) 

in very good agreement with the experimental value 



T-1 exp 



2e+ 2e- 



(2.58 ±0.13) • 10"" GeV 



(69) 



Thereby, the deviation of the direct contribution from 
the full width is less than 1% and confirms the treat- 
ment of the interference contribution as negligible. How- 
ever, this relation is the overall value. The deviation 
could be quite different in parts of the kinematically al- 
lowed region. Additionally, it was shown in [15] that the 
interference contribution to the decay of an r/'-meson 
into two dimuons is more than 10%. 



For the VMD form factor (64), only the normalized 



double- virtual form factor is accessible. Hence, one can 
only calculate branching ratios. 



r 



I I -pCX] 



► 27 



3.46 • 10 



-5 



^^°/Co"^27 = -0-02-10-' 



(63) 

yielding the full branching ratio 

pVMB , pcxp. _o44.-|n-5 

7r0^2e+ 2e- / 7r0^27 — "^-^^ -"-^ ' 



(70) 
(71) 

(72) 
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Here, the interference contribution is also less than 1% 
of the full width. The result is in good agreement with 
the experimental value, 



r 



cxp. 



J.2e+ 2e- 



/ r"" 



cxp. 



»27 



(3.38 ±0.13) • 10" 



(73) 



If one normalizes the result for the width in our ap- 



proach to our result for the decay into two photons ( 43 ) 



one gets the same numbers as for the VMD branch- 
ing ratio in contrast to the predicted difference in the 
double- virtual form factors. This is caused by the small 
available phase space, the predictions for both form fac- 
tors barely differ from the normalization value 1. 
Furthermore, our results arc in agreement with results 
from modified VMD and the hidden gauge model [17]. 



5 Scattering e+e 

The consideration of the decay a; 37r in section |3] 
can be used to describe the scattering e+e^ 3tt [40^: 
Since the w-meson couples to a photon (/y term in 
the scattering reaction can happen via an cj-meson 
(left-hand side in Fig. [IT]). Additionally, the WZW La- 
grangian ( [6|) d escribes the direct reaction (right-hand 
side in Fig. |11[). We will evaluate the influence of pion- 
pion rescattering and the WZW contribution on the to- 
tal cross section. Note that the reactions e^e~ /oj — >■ 3tt 
have also been considered in l48l. 



LJ 1 





Fig. 11: Scattering e^e — > 37r via an w-meson (left) 
and direct (right). 



The general differential cross section for a total re- 
action energy -^s in the center-of-mass system is given 



by 



da, 



ee— ^Stt 



2mi 



dm^2 dTO^3 



32 (27r)3y^'ys 



Ami 



ee— f 37r | 



(74) 



with Pair defined in ( |29[ ). For the contribution via an 
w- meson described by (ItI) and ( 11 ), the reduced matrix 
element equals 



i^VCC 



hp hA fy 

12 



S^{s) V Spim^) {ml^ + s) 



(75) 



E 

(^J) = (l,2), 
(2,3), (1,3) 



Note that this relation corresponds to (31 ) but with m 



replaced by s. The two-body variables for the three-pion 
system m?- — {pi + Pj)'^ satisfy now 



''23 



-I- m-. 



2m^+ -I- TO, 



(76) 



To incorporate pion-pion rescattering, the p-meson prop- 
agator has to be replaced in the same manner as done 
in Eq. (33) in section [s] Here, it is reasonable to use the 
value for the parameter combination Ha jv I j-n obtained 
from the decay w — 37r since this is the final channel in 
the reaction e^e~ — > 37r. Strictly speaking, the formula 
for the a; — ^ Stt width should enter the denominator of 



the S'tj propagator in ( 75 1 . Since the w is a very narrow 



state, we use a constant width instead. 90% of the total 
width of the w-meson are determined by its decay into 
three pions and merely about 10% by the decay into 
a neutral pion and a real photon. Using our value for 
liA as obtained from a; — !■ 37r we get the correct value 
for 90% of the total w width. If the rest (w — 7r''7) is 
calculated with the value for hAfv/f-K obtained from 
uj — > Stt, it differs about 20% from experiment. Thus, 
the total width is only changed by about 2% which 
is less than the accuracy we can achieve. The uncer- 
tainties in the reaction e+e^ — > 37r will be estimated 
by varying the vector-meson decay constant fv in the 
incoming channel, i.e. 7* — >■ w* , between the values ob- 
tained from cj — > and from the pion form factor, 
140 and 150 MeV, respectively. 

The matrix element calculated with the WZW La- 
grangian ^ is given by 

= (77) 



127r2 /3 



which enlarges to 



C. 



'WZW 
ee— f 37r 



c, 



WZW 

ee— >-37r 



= 1,7=1 



(to. 



" ■{J{m%)-ReJ{^?)) 
(78) 

in the case of rescattering. 

In Fig. [12] the calculated final cross section formula 
of the reaction e^e^ — > 37r is compared to experimental 
data taken by the SND detector [49^ and by the CMD- 
2 detector [50 for reaction energies 0.66 GeV < ^/s < 
0.97 GeV. We do not compare to data above 0.97 GeV 
because there inelastic channels like e+e^ — >■ KK — >■ 3w 
may become important. Additionally, the data shows 
the importance of the reaction via a virtual (f) meson 
for higher energies. The decay (/> — ^ 37r is not included 
in the simple vector-meson Lagrangian used in this pub- 
lication. The error bands in both figures emerge from 
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varying fy between 140 and 150 MeV. For all calcula- 
tions the error bands and hence the estimated uncer- 
tainty are small. 

In the top panel of Fig. [T2j the cross section calcu- 
lated with rescattering (solid red band) and using the 



form (27) for the p- meson propagator where a Breit- 
Wigner width was added manually (dashed black band) 
are compared to the experimental data. Both calcula- 
tions describe the data very well. As expected, the dif- 
ference between the two calculations is small for ener- 
gies below the p-meson mass and the effect of rescat- 
tering becomes larger with higher energies. 

Additionally, we compare the calculation with the 
ftdl matrix element to the one involving only the vector- 



meson matrix element ( 75 ) (bottom panel of Fig. 12 ) 



Thereby, both calculations include rescattering. The 
WZW term makes a difference at lowest energies and 
at energies above the w-meson peak. Incorporating the 
WZW term improves the calculations in these regions. 
However, the pure xPT calculation without the vector 
meson contribution would not describe the data. For 
illustration, we also compared calculations with merely 
the WZW term (solid blue line) and merely the vector- 
meson contribution (dashed black line) for energies be- 
tween the three-pion threshold and 0.66 GeV in the 
top panel of Fig. IJ * From about 0.46 GcV on, the 
vector-meson contribution is more important than the 
WZW contribution. Below that, the WZW contribu- 
tion is slightly more important (see bottom panel of 



Fig. 13 1. Obviously, there is no kinematically accessi- 
ble region where the WZW contribution dominates. In 
other words, the three-pion threshold is already rather 
far away from the chiral limit. 



6 Further discussion 

As demonstrated in the previous sections our Lagrangian 
provides a good description of a large amount of data 
using only the three coupling constants fv, hp and Ha 
(together with the pion mass, the vector-meson mass 
and the pion decay constant we have in total six pa- 
rameters). This raises the question whether there is a 
deeper foundation of this Lagrangian which would dis- 
criminate it from other phcnomcnological approaches. 
In particular, one might ask why the contact terms V- 
Stt and V-^-t: seem to be small/irrelevant when one 
uses antisymmetric tensor fields to represent the vector 
mesons. In principle, one can easily imagine that a term 



(79) 
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Fig. 12: Cross section for the reaction e+e — )■ Stt com- 
pared to experimental data taken by the SND detector 
[49] and by the CMD-2 detector [50 . Top: The solid 
red band corresponds to the calculation with rescatter- 
ing and the dashed black band to the one with a man- 
ually added Breit-Wigner width in the p-meson propa- 
gator. Bottom: The solid red line corresponds to the 
full calculation with WZW and vector contribution and 
the dashed black line to the one with only the vector 
contribution. Here, both calculations were done with 
rescattering. 



competes with the two-step process of vector-meson ex- 
change ^ Ha hp. As we have seen, one does not need 
such a term (79) to describe w — >■ Stt and e~^e~ 



Stt. 

The same remark applies to a contact term for V-j-t:^ 

*£'-"^tr({I?VA^, /+}[/;,). (80) 

It would contribute, e.g., to the pion transition form 
factor, but apparently it is not needed. 



®To tlie best of tlie authors' knowledge there is no cross- 
section data available for energies below 0.66 GeV. 



One way to justify the suppression of (79) and (80) 
has been expressed in p]^[51] . Therein an effective field 
theory based on the hadrogenesis conjecture has been 
proposed for light pseudoscalar and vector mesons. In 
this framework both the light pseudoscalar (P) and 
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Fig. 13: Comparison of the cross section of the reac- 
tion e+e^ Stt using the WZW interaction (soHd 
blue band) and via the w-meson (dashed black band) 
for energies near the three-pion threshold. Top: En- 
ergy regime Stott < -^/s < 0.66 GeV. Bottom: Energy 
regime 3to^ < \/s < 0.49 GeV. 



light vector mesons {V) are treated on the same footing 
yielding the power counting rules 



my, TOp, Dfj 



P 



(81) 



for a typical momentum p. 

Actually, this counting scheme allows for a second, 
numerically less important leading-order term describ- 
ing the vertex 2V-7T in addition to the Ha term (111 [16 . 
However, the corresponding parameter is less than 
10% of the parameter h^- Since the inclusion of the 
WZW Lagrangian is already a more phenomenological 
approach, we have neglected the additional contribu- 
tion to the vertex 2V-Tr in this publication for reasons 
of simplicity. 

In the power counting scheme proposed in |161I34) 
the following changes relative to xPT take place: The 
interaction terms in ([t]) contribute to the low-energy 
constants of xPT at order p'^ [T^fTl] . In the sector of 



even intrinsic parity this is next-to-leading order in a 
pure xPT counting. In the resonance regime treated in 
[TB1I51] these terms are promoted to order p^, i.e. to 
leading order. At least qualitatively it makes sense that 
the importance of resonances grows in the regime where 
they become active degrees of freedom. Indeed in the 
scheme of [TBIIM] the contributions in Q become as 
important as the leading-order Lagrangian given 
in ([T]) . However, in the sector of odd intrinsic parity the 
hierarchy is not evened out but inverted. The Ha term 
in pTj ) contributes to the low-energy constants of xPT 
at order p^ [TS]. In that way it provides a correction 
to the WZW structures (|6]), which are of order p'^. In 
the resonance region the Ha term is promoted to or- 
der p^, in line with the promotion of the terms in ([t]). 
But this implies that the Ha term is now more impor- 
tant than the WZW contribution. In part our results 
support this picture. For the reaction e^e^ — > the 
vector-meson contributions are always very important 
and the WZW part might be regarded as subleading. 
On the other hand, this picture does not apply at all 
to the pion transition form factor. For instance, in the 
space-like region (cf. Fig. [7]) the WZW term remains 
important throughout. A clarification of this issue in 
the framework of P^IM] requires a full next-to-leading 
order 0{p'^) calculation which includes the WZW con- 
tribution, but also one-loop terms. Clearly this is be- 
yond the scope of the present work where we follow a 
more phenomenological approach. 

Treating vector mesons as light is, of course, not 
without conceptual problems (see also the discussion in 
In particular, the vector- meson masses are close 
to the scale where loops become important in xPT. 
This scale is given by AttJt^. On the other hand, the 
inclusion of resonances as active degrees of freedom 
requires a serious treatment of unitarity. Resumma- 
tions of two-particle reducible diagrams are mandatory. 
Thus, a strict perturbative treatment is anyway not 
possible and the power counting can (at best) be ap- 
plied to scattering kernels and not directly to ampli- 
tudes. Here the power counting scheme of fl61l34j has 
produced very reasonable results in coupled-channel cal- 
culations for meson-meson scattering [5T] and photon- 
fusion reactions [5^ . 

In addition to the previous considerations one might 
ask whether there are alternative justifications of our 
phenomenologically successful approach to combine the 
respective leading-order structures of xPT, ([T]) and ([6]), 
with the vector- meson Lagrangians ([7| and pi] ) pp] . 
Indeed, if one treats vector mesons as heavy fields [53], 
similar in spirit to baryon xPT, the leading-order terms 



would be just the Ha term (111 together with the ki- 



netic and mass terms for vector mesons. Thus, the Ha 
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term appears, no matter whether one regards the vec- 
tor mesons as hght or as heavy degrees of freedom. In 
the latter case, however, there is no room for the single- 
vector-meson terms of ([T]). The decay of a heavy into 
light degrees of freedom is hard to treat systematically 
in a power expansion of momenta (see, however, [541 
[55]). Therefore, such terms ^ fv, hp have been ex- 
cluded by hand in the heavy- vector formalism of f53j. 
On the other hand, the Lagrangian ([t]) is singled out 
by the fact that it saturates the low-energy constants 
of xPT at next-to- leading order [5llT3 l fT4 ] . In this pure 
;\;PT framework the vector mesons are, of course, no ac- 
tive degrees of freedom at all, neither light nor heavy. 
They are rather treated as to be integrated out, i.e. in a 
sense as static (extremely heavy). Thus, there are rea- 
sons for the importance of ([t]) and of ( 11 ) also if vector 
mesons are not treated as light but heavy. The argu- 
ments just do not fully fit together (yet?) in a way such 
that a consistent effective field theory for heavy, but 
unstable vector mesons can be formulated. 

All the presented considerations point to the larger 
importance of ([T]) and (111 as compared to, e.g., (79 1 



and ( 80 ) . Whether a valid systematic power counting 



scheme emerges from these considerations in one or the 
other way remains to be seen. 



7 Summary 

In the present work, we calculated the decay of an uj- 
vector meson into three pions, the decays of a neutral 
pion into two real photons, into a photon and a dielec- 
tron and into a double dielectron and the scattering 
reaction e^e~ — Stt. Therefore, we used on the one 
hand a simple vector-meson Lagrangian. On the other 
hand, we used the leading-order xPT contributions in 
the sectors of even and odd intrinsic parity. 

For the decay lu in and the scattering e+e^ 
Stt, calculations were performed with and without two- 
pion rescattering yielding a good description of the avail- 
able scattering data. Furthermore, the effects of an av- 
erage isospin-limit pion mass were small. 

For the pion decays, we were in good agreement 
with the experimental data. The predicted form fac- 
tor for the single- virtual decay is in numeric agreement 
with the VMD prediction whereas the double-virtual 
is not. Thereby, the contribution from the WZW term 
was most important in the kinematically allowed time- 
like decay region. Data in the space-like region was well 
described. Similar analyses could be done for r]- and 
yy'-mesons (see also [15]). 
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